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Abstract
The goal of this work is to apply the image correlation method combining with some dedicated
processing techniques to validate the gradient-elasticity model in micro-structures. Simultane-
ously, we propose a method so-called Finite Element Model Updating to define the material
parameters in the model.
1 Introduction
In the last century, the classical theory in continuum mechanics have been applied in a large
range of applied problems of material sciences. The theory varies from macroscopic scales to
microscopic scales and even atomistic scales (in identification of dislocations). However, as
the explotation of high-technologies, new materials must become the essentials factors for the
development. Especially, the concept about the nanoscale behaviors and up to smaller scales
than that of materials must be studied precisely. Unfortunately, the classical theory can not
give an accurate and detailed discription for the mechanical phenomena. From that point,
gradient-elasticity model and more general so-called gradient-enhanced continuum models have
been developed since the early twentieth century, see [6, 3]. They are applied when the strain-
gradient effects are important, such as in some cases of high spatial oscillations, localization
phenomena, capturing size effects, . . . , see [11, 8]. However, they are not easy to interpret
physically, neither implement numerically because of localized influence and requirement of
higher-order continuity for the displacement field. Overcoming these difficulties, one could
mention some pioneering works in some homogenization techniques for higher-order governed
equations, or constructing numerical methods for C1 shape-function class, see [2, 4, 7]. But they
are not totally perfect because of their limitations in some hypotheses, see [5]. That requires
some new appropriate approaches for those problems. Relying on a recent development of full-
field displacement measurements by digital image correlation, see [1, 9, 10] which allows for a
strong coupling between experiments and numerical simulations, one can apply them to study
experimentally the gradient-enhanced models. Therefore, in the present study, we would like to
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validate and identify the gradient-elasticity model for a material with a periodic micro-structure
from experimental data, simultaneously the relations of macro-scale and micro-scale in studying
some mechanical phenomena, in particular local stress or strain concentrations here. Our work
proved that the second order kinematic condition is required for an accurate calculation of
the effective displacement at microscopic scale. In addition, the macro-scopic continuum can be
considered as a micro-morphic medium with a micro-scopic strain tensor which coincides with the
macro-scopic displacement gradient. We also propose a method to identify the effective material
parameters that uses a Finite Element Model Updating strategy. During the experminent, we
observe that the direction of fracture propagation depends on the micro structure of the medium,
specifically the orientation of the honey-comb cell in our case. Besides, the elasticity tensor or
so-called hyper elasticity tensor corresponding to the strain-gradient terms in gradient-elasticity
is anisotropic in numerical calculations. One can affirm again that the micro study is essential
to explain the rupture phenomena here and concretely, the anisotropy of hyper elasticity tensor
can explain the kinking of crack in our porous medium of honey-comb structure.
2 The real problem
Considering a porous domain V , see figure 1 on the left, containing an initial crack Γ, it is loaded
in tension by using grips to clench the homogeneous ends of V . The unit cell of V with an honey-
comb structure is given in the right of figure 1. The porous medium contains 67x67 cells where
the crack is created by removing 15 cells with an angle of 30o w.r.t the loading direction (e1). A
digital camera records the images of the spicemen surface with a definition of 6576x4384 pixels
that allows us to use digital image correlation to calculate the displacement field. In the theory
e1
e2
Figure 1: The honey-comb domain V of the real problem
of microstructure, each particle is still represented by a material point X = (X1, X2) in 2D
from the macroscopic view of continuum mechanics. But its kinematic properties are defined
in a more refined way. At the microscopic level of observation, a particle appears itself as a
continuum V (X) of small extent. Let us call X its center of mass and x = (x1, x2) a point of
V (X).
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3 Identification and validation of the gradient-elasticity
model
3.1 Gradient-elasticity model
In the heterogeneous material of medium V , homogenous deformations are not sufficient to
characterise the material properties because they are sensitive to higher gradients of the dis-
placement field. Therefore, one needs to account some additional degrees of freedom to capture
more accurately the mechanical phenomena. In the model of gradient-elasticity, the mechan-
ical behaviors are supposed to depend not only on homogeneous deformations, but also their
gradient, i.e.
W =W(εij , κijk) (1)
with W is the potential energy density, εij is the component of deformation field and κijk is the
gradient of εij , i.e. κijk =
∂εij
∂Xk
named as hyper strain. That arises more additional material
parameters which represent in the relation of hyper-stress S =
∂W
∂κ
and hyper-strain besides the
stress Σ =
∂W
∂ε
and strain ε relations, i.e.
Σij = Cijklεkl and Sijk = Aijklmnκlmn (2)
One must define these two tensors of material, C = (Cijkl) and A = (Aijklmn) by using ho-
mogenisation methods which are widely used to derive the effective properties based on the
concept of a representative volume element (RVE). In practice, a Dirichlet’s condition is pre-
scribed on the RVE’s boundary. Particularly, it is given as following in our case,[
u(X,x)−U(X)
]
∂RVE(X)
= u˜(x) + v(x) (3)
where U(X) is the macro displacement, u(X,x) is micro or local displacement, v(x) is an
additional fluctuation which is supposed to be periodic and contains a periodic term w(x), i.e.
v(x) =
(
v(x)−w(x))+ w(x) and u˜(x) is defined by an quadratic polynomial as following
u˜(x) = F.(x−X) + 1
2
D :
[
(x−X)⊗ (x−X)] (4)
where F and D are two parameters which relate to the first and the second gradient of the
macroscopic displacement U(X) respectively.
3.2 Validation of the model of gradient-elasticity
Relying on experimental measurements, firstly we can validate that the macro displacement is
the average of the micro displacement, i.e.
U(X) = 〈u(x)〉RVE(X) =
∫
RVE(X)
u(X,x)HV (x)dV (5)
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Figure 2: Left: Finite element meshes used to perform DIC analyses for domain V ; Right: Mesh
of a unit cell
with HV is the indicator function of the heterogeneous media, 0 for void else 1. For this vali-
dation, two experimental measures at macro and micro scales are applied on the displacement,
i.e. U, u using the mesh as in the figure 2.
Each node of this mesh corresponds to a vertex of the periodic tilling used to generate the
honey-comb structure, see figure 2 (left). In orther words, each node corresponds to the center
of a unit cell. The second analysis is aimed at evaluating the kinematic of each individual unit
cell of the central part of the spicemen. For this purpose, the mesh for one unit cell as given in
figure 2 (right), is duplicated using the same periodic tilling as for generating the honey-comb.
The result of the first analysis at macroscopic scale U is presented in figure 3 (left), and the
second one at microscopic scale u is given in figure 3 (right).
Figure 3: Left: The macroscopic analysis U; Right: The analysis of the micro displacement u
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Due to the existence of the periodic fluctuation w in v, the projection of u(X,x) − U(X) is
now performed on the homologous points along half of the unit cell’s boundary. This allows
to eliminate the term of periodic fluctuation w from the analysis. Then, the residual of the
projection give access to the remaining non-periodic fluctuation v − w whose norm is plotted
in figure 4 (right). This figure assesses for the relevance of second order kinematice for the
boundary of the unit cells, i.e. taking into account D besides F. While in figure 4 (left), the
projection of the residual norm onto the first kinematic with considering that D is vanished
for the purpose of comparison with those obtained from the projection onto the second order
one. The improvement due to second order is difficult to observe directly from residual maps.
However, it is evidenced that the first order give rise to higer residual in the vicinity of the crack
tip and in a lesser extent along the left and right edges of the analyzed zone.
Figure 4: Norm of non-periodic part of projection residual v − w of the effective boundary
displament of the unit cells normalized w.r.t the norm of the effective displacement u −U for
(left) the first order polynomial, (right) the second order polynomial as defined in (4)
To further illustrate these differences, see figure 5, for the unit cell at the upper crack tip, the
comparison of projection u˜ and the additional fluctuation v for the first and the second order
scheme. On the upper plots of figure 5 (left) and (right), it is shown that, due to the additional
fluctuation v the projected boundary displacement u˜ is sligtly different from the actual effective
displacement u−U and also slightly different between first and second order. The bottom plots
show the additional fluctuation v and its periodic part w for the two projections. It is observed
that for first order compared to second order, not only the amplitude of v is higer but also the
amplitude of the residual v−w. Hence, we can conclude that the second order kinematic in (4)
is required for a more accurate description of the microscopic displacement.
3.3 Identification of some material parameters
The parameters here include all the coefficients of the two tensors C and A. In this work,
we propose a strategy to identify these parameters by using so-called Finite Element Model
Updating (FEMU). The principle of this technique is to compare the result of a finite element
simulation with experimental data to update the parameters in finite element code in order to
minimize the numerical-experimental gap. Concretely, the set of these parameters denoted by
Λ must satisfy the following conditions, i.e.
Λopt = Argmin
Λ
1
mes(RVE)
∫
RVE
‖UDIC −UFE(Λ)‖dV (6)
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Figure 5: Analysis of boundary kinematics of the unit cell at the crack tip. On the top, the
actual deformation of the unit cell by the effective displacement u−U is plotted together with
its projection on a linear (left), quadratic (right) polynomial (in black). On the bottom, the
projection residual v is plotted with its periodic part w (in black). The deformation of the unit
cell boundary have been amplified 5 times
.
with UDIC is the measured displacement field and UFE is the simulated displacement field.
4 Conclusion and perspectives
We have presented here the validation of the gradient-elasticity model, concurrently the identi-
fication strategy for material parameters relying on the digital image correlation method at two
different scales and the FEMU strategy. The condition of second order kinematic that defined on
the boundary of RVE is verified to be essential for the micro or local problems. The interesting
challenges remaining in our works here is about the effective shape and also the propagation
law of the crack. Besides, the crack propagate obviously along a direction which depends on
mechanical micro-structures. In order to be able to explain all these open questions, a natural
thought and also perspective come from some precise studies of some micro parameters e.g.
hyper strain and hyperstress, . . . in the gradient-elasticity model.
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